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TANGENTIALLY BIHARMONIC LAGRANGIAN H-UMBILICAL
SUBMANIFOLDS IN COMPLEX SPACE FORMS
TORU SASAHARA
Abstract. The notion of Lagrangian H-umbilical submanifolds was introduced
by B. Y. Chen in 1997, and these submanifolds have appeared in several important
problems in the study of Lagrangian submanifolds from the Riemannian geometric
point of view. Recently, the author introduced the notion of tangentially bihar-
monic submanifolds, which are defined as submanifolds such that the bitension
field of the inclusion map has vanishing tangential component. The normal bun-
dle of a round hypersphere in Rn can be immersed as a tangentially biharmonic
Lagrangian H-umbilical submanifold in Cn. Motivated by this fact, we classify
tangentially biharmonic Lagrangian H-umbilical submanifolds in complex space
forms.
1. Introduction
A biharmonic map is defined as a critical point of the bienergy for all variations.
A map is biharmonic if and only if its bitension field vanishes. A submanifold
is called a biharmonic submanifold if its inclusion map is a biharmonic map with
respect to the induced metric. Minimal submanifolds are biharmonic. Substantial
progress has been made toward classifying non-minimal biharmonic submanifolds
in manifolds with special metric properties (e.g., real space forms, complex space
forms, Sasakian space forms, conformally flat spaces, etc.) since 2000.
On the other hand, the author [18] introduced the notion of tangentially bihar-
monic submanifold as an extension of the notion of biharmonic submanifold, which
is a submanifold such that the bienergy of the inclusion map has vanishing tangen-
tial part. We would like to mention that this notion coincides with the notion of
biconservative submanifold introduced by Caddeo et al. in [1].
It is known that the normal bundle of a submanifold in Euclidean n-space Rn can
be immersed as a Lagrangian submanifold in complex Euclidean n-space Cn (see
[11]). Harvey and Lawson [11] showed that the normal bundle T⊥M2 of a surface
M2 in R3 is minimal in C3 if and only if M2 is minimal. As an extension of this
result, it was proved in [18] that T⊥M2 is a tangentially biharmonic Lagrangian
submanifold in C3 if and only if M2 is either minimal, a part of a round sphere, or a
part of a circular cylinder. In two cases except when M2 is minimal, T⊥M2 is (non-
biharmonic) tangentially biharmonic. In particular, it should be noted that, if M2
is a part of a round sphere, then T⊥M2 is a Lagrangian H-umbilical submanifold
introduced by B. Y. Chen in [4]. Similar properties hold for a round hypersphere in
R
n with n > 3. We remark in passing that Lagrangian H-umbilical submanifolds
can be regarded as the simplest Lagrangian submanifolds next to the totally geodesic
ones, and these submanifolds appear in several important problems in the study of
Lagrangian submanifolds from the Riemannian geometric point of view.
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2Motivated by the above mentioned facts, this paper classifies tangentially bihar-
monic Lagrangian H-umbilical submanifolds in complex space forms.
2. Preliminaries
Let Mn be an n-dimensional submanifold of a Riemannian manifold M˜ . Let us
denote by ∇ and ∇˜ the Levi-Civita connections on Mn and M˜ , respectively. The
Gauss and Weingarten formulas are respectively given by
∇˜XY = ∇XY + h(X,Y ),
∇˜Xξ = −AξX +DXξ
(2.1)
for tangent vector fields X, Y and normal vector field ξ, where h,A and D are
the second fundamental form, the shape operator and the normal connection. The
second fundamental form h and the shape operator A are related by
(2.2) 〈AξX,Y 〉 = 〈h(X,Y ), ξ〉 .
The mean curvature vector field H is defined by H = (1/n)traceh. The function
|H| is called the mean curvature. If it vanishes identically, then Mn is called a
minimal submanifold. In particular, if h vanishes identically, then Mn is called a
totally geodesic submanifold.
Let M˜n(4ǫ) be a complex space form of complex dimension n and constant holo-
morphic sectional curvature 4ǫ. The curvature tensor R˜ of M˜n(4ǫ) is given by
R˜(X,Y )Z = ǫ{〈Y,Z〉X − 〈X,Z〉Y + 〈Z, JY 〉 JX
− 〈Z, JX〉 JY + 2 〈X,JY 〉 JZ},
where 〈, 〉 is the inner product and J is the complex structure of M˜n(4ǫ).
Any complete and simply connected complex space form M˜n(4ǫ) is holomorphi-
cally isometric to the complex Euclidean space Cn, the complex projective space
CPn(4ǫ) or the complex hyperbolic space CHn(4ǫ) according as ǫ = 0, ǫ > 0 or
ǫ < 0. A submanifold Mn of M˜n(4ǫ) is called Lagrangian if 〈X,JY 〉 = 0 for all
tangent vector fields X and Y of Mn.
Let Mn be a Lagrangian submanifold of M˜n(4ǫ). Since ∇˜J = 0 holds, it follows
from (2.1) that Mn satisfies
(2.3) DXJY = J(∇XY ).
Denote by R and RD the Riemann curvature tensor of ∇ and D respectively. Then
the equations of Gauss and Codazzi are respectively given by
〈R(X,Y )Z,W 〉 = ǫ(〈X,W 〉 〈Y,Z〉 − 〈X,Z〉 〈Y,W 〉) + 〈[AJZ , AJW ](X), Y 〉 ,(2.4)
(∇¯Xh)(Y,Z) = (∇¯Y h)(X,Z),(2.5)
where X,Y,Z,W are vectors tangent to Mn, and ∇¯h is defined by
(∇¯Xh)(Y,Z) = DXh(Y,Z)− h(∇XY,Z)− h(Y,∇XZ).
We note that for Lagrangian submanifolds the equation (2.5) of Codazzi coincides
with the equation of Ricci.
33. Tangentially biharmonic submanifolds
Let f : (Mn, g)→ N be a smooth map between two Riemannian manifolds. The
tension field τ(f) of f is a section of the induced vector bundle f∗TN defined by
τ(f) := tr(∇fdf) =
n∑
i=1
{∇feidf(ei)− df(∇eiei)},
where ∇f , ∇ and {ei} denote the induced connection, the connection of Mn and a
local orthonormal basis of Mn, respectively. If f is an isometric immersion, we have
(3.1) τ(f) = nH.
The bienergy E2(f) of f over compact domain Ω ⊂Mn is defined by
E2(f) =
∫
Ω
|τ(f)|2dvg,
where dvg is the volume form of M
n (see [9]). If f is a critical point of E2 with
respect to compactly supported variations, then f is called a biharmonic map (or
2-harmonic map). Jiang [12] proved that f is biharmonic if and only if its bitension
field defined by
(3.2) τ2(f) := −∆fτ(f) + tracegRN (τ(f), df)df
vanishes identically, where ∆f = −traceg(∇f∇f − ∇f∇) and RN is the curvature
tensor of N , which is given by
RN (X,Y )Z = [∇NX ,∇NY ]Z −∇N[X,Y ]Z
for the Levi-Civita connection ∇N of N .
If f is an isometric immersion, then Mn is called a biharmonic submanifold in
N . It follows from (3.1) and (3.2) that any minimal submanifold is biharmonic.
However, the converse is not true in general.
In [18], the notion of tangentially biharmonicity, which is weaker than biharmonic-
ity for submanifolds, was introduced as follows:
Definition 3.1. Let f : M → N be an isometric immersion. Then M is called a
tangentially biharmonic submanifold in N if it satisfies
(3.3) {τ2(f)}⊤ = 0,
where {·}⊤ denotes the tangential part of {·}.
By Proposition 2.1 in [10], (3.1) and (3.3), we have
Lemma 3.1. Let f : M → N be an isometric immersion. Then M is a tangentially
biharmonic submanifold in N if and only if f satisfies
(3.4) 4
n∑
i=1
ADei(τ(f))ei + grad|τ(f)|
2 = 0.
Let x : Mn−1 → Rn be an isometric immersion. The normal bundle T⊥Mn−1 of
Mn−1 is naturally immersed in Rn × Rn = R2n by the immersion f(ξx) := (x, ξx),
which is expressed as
(3.5) f(x, s) = (x, sN)
for the unit normal vector field N along x. We equip T⊥Mn−1 with the metric
induced by f . If we define the complex structure J on Cn = Rn×Rn by J(X,Y ) :=
(−Y,X), then T⊥Mn−1 is a Lagrangian submanifold in Cn (see [11, III.3.C]). It
4was proved in [18] that T⊥M2 is a tangentially biharmonic Lagrangian submanifold
in C3 if and only if M2 is either minimal, a part of a round sphere or a part of a
circular cylinder in R3.
Remark 3.1. The equation (3.4) is equivalent to the condition that a certain stress-
energy tensor S2 for τ2(f) is divergence-free. For a detailed definition of S2, see
[1]. Caddeo et al. [1] called these submanifolds satisfying such a condition bicon-
servative submanifolds, and moreover they have classified biconservative surfaces
in 3-dimensional real space forms. Also, in order to prove the non-existence of
non-minimal biharmonic hypersurfaces in E4, Hasanis and Vlachos [16] classified
hypersurfaces satisfying (3.4). They called such hypersurfaces H-hypersurfaces.
Remark 3.2. The first variation formula of E2 obtained in [4] implies that an
isometric immersion f : M → N is tangentially biharmonic if and only if it is a
critical point of E2 with respect to all tangential variations with compact support.
Here, a tangential variation means a variation ft through f = f0 such that the
variational vector field V = dft/dt|t=0 is tangent to f(M).
Remark 3.3. A submanifold satisfying {τ2(f)}⊥ = 0 is called a biminimal subman-
ifold. Here, {·}⊥ denotes the normal part of {·} (see [14]).
4. Lagrangian H-umbilical submanifolds
There exist no totally umbilical Lagrangian submanifolds in a complex space form
M˜n(4ǫ) with n ≥ 2 other than the totally geodesic ones (cf. [7]). In view of this
fact, Chen [4] introduced the concept of Lagrangian H-umbilical submanifolds as the
simplest Lagrangian submanifolds next to totally geodesic ones in complex space
forms as follows.
Definition 4.1. A Lagrangian submanifold Mn in a complex space form M˜n(4ǫ)
is called Lagrangian H-umbilical if its second fundamental form takes the following
form:
h(e1, e1) = λJe1, h(e2, e2) = · · · = h(en, en) = µJe1,
h(e1, ej) = µJej , h(ej , ek) = 0, j 6= k, j, k = 2, . . . , n
(4.1)
for suitable functions λ and µ with respect to some suitable orthonormal frame field
e1, . . . , en. If λ = rµ for some constant r, then M
n is said to be of ratio r.
If Mn is a non-minimal Lagrangian H-umbilical submanifold satisfying (4.1),
then e1 is parallel to H. Non-minimal Lagrangian H-umbilical submanifolds are the
simplest Lagrangian submanifolds which satisfy
AHJH = λJH,
AHX = µX, X ⊥ JH.
for some functions λ and µ.
The class of Lagrangian H-umbilical submanifolds includes the important sub-
manifolds. For example, non-minimal twistor holomorphic Lagrangian surfaces in
CP 2 (cf. [2]) and the Whitney’s sphere in Cn (cf. [3]) are Lagrangian H-umbilical
submanifolds of ratio r = 3. Due to [6], a 5-dimensional Lagrangian submanifold in
a complex space form M˜5(4ǫ) satisfies the following inequality:
(4.2) δ(2, 2) ≤ (25/4)|H|2 + 8ǫ,
5where δ(2, 2) is a δ-invariant introduced by B.-Y. Chen. A 5-dimensional Lagrangian
H-umbilical submanifold of ratio 4 in a complex space form M˜5(4ǫ) satisfies the
equality case of (4.2) at any point (see [8]).
We need the following definitions to represent Lagrangian H-umbilical submani-
folds in complex space forms.
Definition 4.2. Let S2n+1(1) ⊂ Cn+1 be a unit (2n + 1)-sphere centered at the
origin. Let Cn+11 be the complex (n+1)-space endowed with the complex coordinate
{z1, . . . , zn+1}, whose inner product is given by 〈(z1, . . . , zn+1), (w1, . . . , wn+1)〉 =
Re(−z1w¯1 +
∑n+1
i=2 ziw¯i). We put H
2n+1
1 (−1) = {z ∈ Cn+11 : 〈z, z〉 = −1}. A curve
z = z(s) in S3(1) ⊂ C2 or in H31 (−1) ⊂ C21 is called a Legendre curve if it satisfies
〈z′(s), iz(s)〉 = 0 identically.
Definition 4.3. Let G : Nn−1 → Rn be an isometric immersion of a Riemannian
(n−1)-manifold into Euclidean n-space Rn and let F : I → C∗ be a unit speed curve
in C∗ := C− {0}. Then we can extend the immersion G to an immersion I ×Nn−1
into Cn given by
F ⊗G : I ×Nn−1 → C⊗ Rn = Cn,
where (F ⊗G)(s, p) = F (s)⊗G(p) for s ∈ I and p ∈ Nn−1. We call this extension
of G a complex extensor of G (or of the submanifold Nn−1) via F .
The following theorems are used for the classification of tangentially biharmonic
Lagrangian H-umbilical submanifolds in complex space forms.
Theorem 4.1 ([4]). Let f :Mn → CPn(4) be a Lagrangian H-umbilical immersion
whose second fundamental form takes the form (4.1), where n ≥ 3. We put k =
e1µ/(λ− 2µ). Then Mn satisfies µ(λ− 2µ) 6= 0 if and only if up to rigid motions of
CPn(4), f is given by π ◦ ψ, where π : S2n+1(1) ⊂ Cn+1 → CPn(4) : w 7→ w · C∗ is
the Hopf fibration and ψ is given by
ψ(s, y1, . . . , yn) = (z1(s), z2(s)y1, . . . , z2(s)yn), y
2
1 + · · ·+ y2n = 1,
where z = (z1, z2) is a unit speed Legendre curve in S
3(1) given by
z1 =
iµ(s)− k(s)√
µ(s)2 + k(s)2 + 1
exp
(∫ s
0
(iλ(t) − iµ(t))dt
)
,
z2 =
1√
µ(s)2 + k(s)2 + 1
exp
(∫ s
0
iµ(t)dt
)
.
Here µ = µ(s) satisfies
(4.3) µ′′(λ− 2µ)− µ′(λ′ − 3µ′) + (λ− 2µ)2(−µ2 + λµ+ 1) = 0.
Theorem 4.2 ([4]). Let f :M2 → CP 2(4) be a Lagrangian H-umbilical immersion
whose second fundamental form takes the form (4.1). Then M2 satisfies µ(λ−2µ) 6=
0 and integral curves of JH are geodesics in M2 if and only if up to rigid motions
of CP 2(4), f is given by the immersion described in Theorem 4.1 with n = 2.
Theorem 4.3 ([3]). Let f : Mn → Cn be a Lagrangian H-umbilical immersion
whose second fundamental form takes the form (4.1), where n ≥ 3. Then Mn satis-
fies µ(λ− 2µ) 6= 0 if and only if up to rigid motions of Cn, f is a complex extensor
of the unit hypersphere in En via a curve F = F (s) in C∗ whose curvature function
κ(s) and argument θ(s) satisfy κ(s) = λ(s) and θ′(s) = µ(s).
6Theorem 4.4 ([3]). Let f :M2 → C2 be a Lagrangian H-umbilical immersion whose
second fundamental form takes the form (4.1). Then Mn satisfies µ(λ−2µ) 6= 0 and
integral curves of JH are geodesics in M2 if and only if up to rigid motions of C2,
f is a complex extensor of the unit circle in E2 via a curve F = F (s) in C∗ whose
curvature function κ(s) and argument θ(s) satisfy κ(s) = λ(s) and θ′(s) = µ(s).
Theorem 4.5 ([4]). Let f : Mn → CHn(−4) be a Lagrangian H-umbilical im-
mersion whose second fundamental form takes the form (4.1), where n ≥ 3, and
let k = e1µ/(λ − 2µ). Then Mn satisfies µ(λ − 2µ) 6= 0 if and only if up to rigid
motions of CHn(4), f is given by the composition π ◦ ψ, where π : H2n+11 (−1) ⊂
C
n+1
1 → CHn(−4) : w 7→ w · C∗ is the Hopf fibration and ψ is one of the following
immersion:
(1) µ2 + k2 − 1 > 0 and
ψ(s, y1, . . . , yn) = (z1(s), z2(s)y1, . . . , z2(s)yn), y
2
1 + y
2
2 + · · ·+ y2n = 1,
where z = (z1, z2) is a unit speed Legendre curve in H
3
1 (−1) given by
z1 =
iµ(s)− k(s)√
µ(s)2 + k(s)2 − 1 exp
(∫ s
0
(iλ(t) − iµ(t))dt
)
,
z2 =
1√
µ(s)2 + k(s)2 − 1 exp
(∫ s
0
iµ(t)dt
)
.
(2) µ2 + k2 − 1 < 0 and
ψ(s, y1, . . . , yn) = (z1(s)y1, . . . , z1(s)yn, z2(s)), y
2
1 − y22 − · · · − y2n = 1,
where z = (z1, z2) is a unit speed Legendre curve in H
3
1 (−1) given by
z1 =
iµ(s)− k(s)√
1− µ(s)2 − k(s)2 exp
(∫ s
0
(iλ(t) − iµ(t))dt
)
,
z2 =
1√
1− µ(s)2 − k(s)2 exp
(∫ s
0
iµ(t)dt
)
.
(3) µ2 + k2 − 1 = 0 and
ψ(s, u2, . . . , un)
= exp
[∫ s
0
(k(t) + iµ(t))dt
](
1 +
1
2
n∑
j=2
u2j −
∫ s
0
(k(x) + iµ(x))exp
(
−
∫ x
0
2k(t)dt
)
dx,
[−k(0) + iµ(0)]
[
1
2
n∑
j=2
u2j −
∫ s
0
(k(x) + iµ(x)) exp
(
−
∫ x
0
2k(t)dt
)
dx
]
, u2, . . . , un
)
.
In the case of (1) and (2), µ = µ(s) satisfies
(4.4) µ′′(λ− 2µ)− µ′(λ′ − 3µ′) + (λ− 2µ)2(−µ2 + λµ− 1) = 0.
Theorem 4.6 ([4]). Let f : M2 → CH2(−4) be a Lagrangian H-umbilical im-
mersion whose second fundamental form takes the form (4.1). Then M2 satisfy
µ(λ − 2µ) 6= 0 and integral curves of JH are geodesics in M2 if and only if up to
rigid motions of CH2(−4), f is given by one of the immersions described in Theorem
4.5 with n = 2.
Remark 4.1. In the above theorems, e1 = JH/|H| = ∂/∂s.
7Remark 4.2. For a unit speed curve F = F (s) in C∗, we put α = |F |2. Then the
curvature κ(s) and the argument θ(s) of F (s) is given by (see [5, p.176])
(4.5) κ =
2− α′′√
4α− α′2 , θ =
∫ √
4α− α′2
2α
ds.
By a straightforward computation, from (4.5) we obtain
(4.6) θ′′ = (κ− 2θ′)(ln |F |)′.
This implies that if θ′ is constant and κ 6= 2θ′ , then F is a circle centered at the
origin. In this case, it follows from (4.5) that κ = θ′ = |F |−1.
Remark 4.3. Equation (4.3) (resp. (4.4)) is the necessary and sufficient condition
for z in Theorem 4.1 (resp. in (1) and (2) of Theorem 4.5) to be a Legendre curve
of curvature λ(s) in S3(1) (resp. in H31 (−1)). These equations coincide with the
equation of Gauss of Mn. Even if two Legendre curves are congruent to each other
in S3(1) (resp. in H31 (−1)), two Lagrangian H-umbilical submanifolds constructed
from them as in Theorem 4.1 (resp. in (1) and (2) of Theorem 4.5) are not necessarily
congruent to each other.
5. Tangentially biharmonic Lagrangian H-umbilical submanifolds
Let us denote by ιr the inclusion of a round hypersphere S
n−1(r) of radius r
centered at the origin. If x = ιr in (3.5), then T
⊥Sn−1(r) is expressed as a complex
extensor of Sn−1(1) via F (s) = r+si, which is a LagrangianH-umbilical submanifold
of ratio 0 (see [3, Example 2.4]). Moreover, by a straightforward computation we
find that it is a (non-biharmonic) tangentially biharmonic submanifold in Cn (see
[18] for n = 3). This motivates us to classify tangentially biharmonic Lagrangian
H-umbilical submanifolds in complex space forms.
The main results of this paper are the following classification theorems.
Theorem 5.1. Let Mn be a Lagrangian H-umbilical submanifold of CPn(4). Then
Mn is non-minimal tangentially biharmonic if and only if up to rigid motions of
CPn(4), Mn is locally given by one of the following:
(1) A Lagrangian H-umbilical submanifold of constant mean curvature defined by
π ◦ ψ, where
ψ(s, y1, . . . , yn) = (z1(s), z2(s)y1, . . . , z2(s)yn), y
2
1 + · · · + y2n = 1
and z = (z1, z2) is a unit speed Legendre curve in S
3(1) ⊂ C2 given by
z(s) =
(
iµ√
µ2 + 1
e−
i
µ
s,
1√
µ2 + 1
eiµs
)
, µ ∈ R− {0}.
In this case, the submanifold has ratio (1− µ−2).
(2) A Lagrangian H-umbilical submanifold of ratio 0 and non-constant mean cur-
vature defined by π ◦ ψ, where
ψ(s, y1, . . . , yn) = (z1(s), z2(s)y1, . . . , z2(s)yn), y
2
1 + · · · + y2n = 1
and z = (z1, z2) is a unit speed Legendre curve in S
3(1) ⊂ C2 given by
z1(s) = −2iµ
2 + µ′
√
cµ
3
2
exp
(∫ s
0
−iµdt
)
,
z2(s) = − 2√
cµ
exp
(∫ s
0
iµdt
)
,
8with a non-constant positive solution µ = µ(s) of
µ′2 = −4µ2(µ2 + 1) + cµ3
for some positive constant c.
(3) A Lagrangian H-umbilical submanifold of ratio (7 − n)/3 and non-constant
mean curvature defined by π ◦ ψ, where n 6= 7 and
ψ(s, y1, . . . , yn) = (z1(s), z2(s)y1, . . . , z2(s)yn), y
2
1 + · · · + y2n = 1
and z = (z1, z2) is a unit speed Legendre curve in S
3(1) ⊂ C2 given by
z1(s) =
i(1 − n)µ2 − 3µ′
3
√
cµ
n+2
n−1
exp
(∫ s
0
i
4− n
3
µdt
)
,
z2(s) =
(1− n)
3
√
cµ
3
n−1
exp
(∫ s
0
iµdt
)
,
with a non-constant positive solution µ = µ(s) of
µ′2 = −(1− n)
2
9
µ2(µ2 + 1) + cµ
2(n+2)
n−1
for some positive constant c.
(4) A Lagrangian H-umbilical submanifold of ratio (1−n) and non-constant mean
curvature defined by π ◦ ψ, where n 6= 2 and
ψ(s, y1, . . . , yn) = (z1(s), z2(s)y1, . . . , z2(s)yn), y
2
1 + · · · + y2n = 1
and z = (z1, z2) is a unit speed Legendre curve in S
3(1) ⊂ C2 given by
z1(s) = − i(n+ 1)µ
2 + µ′
√
cµ
n+3
n+1
exp
(∫ s
0
−inµdt
)
,
z2(s) = − (n+ 1)√
cµ
2
n+1
exp
(∫ s
0
iµdt
)
,
with a non-constant positive solution µ = µ(s) of
µ′2 = −(n+ 1)2µ2(µ2 + 1) + cµ 2(n+3)n+1
for some positive constant c.
(5) A Lagrangian H-umbilical submanifold of non-constant mean curvature de-
fined by π ◦ ψ, where
ψ(s, y1, . . . , yn) = (z1(s), z2(s)y1, . . . , z2(s)yn), y
2
1 + · · · + y2n = 1
and z = (z1, z2) is a unit speed Legendre curve in S
3(1) ⊂ C2 given by
z1 =
iµ− k√
µ2 + k2 + 1
exp
(∫ s
0
(iλ− iµ)dt
)
,
z2 =
1√
µ2 + k2 + 1
exp
(∫ s
0
iµdt
)
.
Here k(s) = µ′(s)/(λ(s)−2µ(s)), λ 6= rµ for any r ∈ R, and moreover λ = λ(s) and
µ = µ(s) are non-constant solutions of{
µ′′(λ− 2µ)− µ′(λ′ − 3µ′) + (λ− 2µ)2(−µ2 + λµ+ 1) = 0,
(3λ+ (n− 1)µ)(λ− 2µ)λ′ + (n− 1)λ(3λ + (n− 5)µ)µ′ = 0.
9Let ι : Sn−1(1) → En be the inclusion of the unit hypersphere centered at the
origin. For a unit speed curve F = F (s) in C∗, let κ(s) and θ(s) be the curvature
function and the argument of F , respectively. Then we have
Theorem 5.2. Let Mn be a Lagrangian H-umbilical submanifold of Cn. Then Mn
is non-minimal tangentially biharmonic if and only if up to rigid motions of Cn, Mn
is locally given by one of the following:
(1) A Lagrangian cylinder over a circle:
(a exp(is/a), u2, . . . , un), a > 0.
(2) A complex extensor F ⊗ ι, where F is a circle centered at the origin.
(3) A complex extensor F ⊗ ι, F is a line which does not pass through the origin.
(4) A complex extensor F ⊗ ι, where F is a unit speed curve satisfying
κ(s) = ((7 − n)/3)θ′(s), n 6= 7, θ′′(s) 6= 0.
(5) A complex extensor F ⊗ ι, where F is a unit speed curve satisfying
κ(s) = (1− n)θ′(s), n 6= 2, θ′′(s) 6= 0.
(6) A complex extensor F ⊗ ι, where F is a unit speed curve satisfying κ 6= rθ′
for any r ∈ R and
(5.1) κ′(3κ+ (n− 1)θ′) + (n− 1)(ln |F |)′κ(3κ + (n− 5)θ′) = 0.
Submanifolds of types (2), (3), (4) and (5) are of ratio 1, 0, (7 − n)/3 and (1 − n)
respectively.
Theorem 5.3. Let Mn be a Lagrangian H-umbilical submanifold of CHn(−4).
Then Mn is non-minimal tangentially biharmonic if and only if up to rigid mo-
tions of CHn(−4), Mn is locally given by one of the following:
(1) A flat Lagrangian H-umbilical submanifold of ratio 2 and constant mean cur-
vature defined by π ◦ ψ, where
ψ(s, u2, . . . , un) =
eis
2
(
1− is+ 1
2
n∑
j=2
u2j , s+
i
2
n∑
j=2
u2j , u2, . . . , nn
)
.
(2) A Lagrangian H-umbilical submanifold of constant mean curvature defined by
π ◦ φ, where
ψ(s, y1, . . . , yn) = (z1(s), z2(s)y1, . . . , z2(s)yn), y
2
1 + y
2
2 + · · ·+ y2n = 1
and z = (z1, z2) is a unit speed Legendre curve in H
3
1 (−1) given by
z(s) =
(
iµ√
µ2 − 1
e
i
µ
s
,
1√
µ2 − 1
eiµs
)
, µ2 − 1 > 0, µ ∈ R− {0}.
In this case, the submanifold has ratio (1 + u−2).
(3) A Lagrangian H-umbilical submanifold of ratio 0 and non-constant mean cur-
vature defined by π ◦ φ, where
ψ(s, y1, . . . , yn) = (z1(s), z2(s)y1, . . . , z2(s)yn), y
2
1 + y
2
2 + · · ·+ y2n = 1
and z = (z1, z2) is a unit speed Legendre curve in H
3
1 (−1) given by
z1(s) = −2iµ
2 + µ′
√
cµ
3
2
exp
(∫ s
0
−iµdt
)
,
z2(s) = − 2√
cµ
exp
(∫ s
0
iµdt
)
,
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with a non-constant positive solution µ = µ(s) of
µ′2 = −4µ2(µ2 − 1) + cµ3
for some positive constant c.
(4) A Lagrangian H-umbilical submanifold of ratio (7 − n)/3 and non-constant
mean curvature defined by π ◦ φ, where n 6= 7 and
ψ(s, y1, . . . , yn) = (z1(s), z2(s)y1, . . . , z2(s)yn), y
2
1 + y
2
2 + · · ·+ y2n = 1
and z = (z1, z2) is a unit speed Legendre curve in H
3
1 (−1) given by
z1(s) =
i(1 − n)µ2 − 3µ′
3
√
cµ
n+2
n−1
exp
(∫ s
0
i
4− n
3
µdt
)
,
z2(s) =
(1− n)
3
√
cµ
3
n−1
exp
(∫ s
0
iµdt
)
,
with a non-constant positive solution µ = µ(s) of
µ′2 = −(1− n)
2
9
µ2(µ2 − 1) + cµ 2(n+2)n−1
for some positive constant c.
(5) A Lagrangian H-umbilical submanifold of ratio (1−n) and non-constant mean
curvature defined by π ◦ φ, where n 6= 2 and
ψ(s, y1, . . . , yn) = (z1(s), z2(s)y1, . . . , z2(s)yn), y
2
1 + y
2
2 + · · ·+ y2n = 1
and z = (z1, z2) is a unit speed Legendre curve in H
3
1 (−1) given by
z1(s) = − i(n+ 1)µ
2 + µ′
√
cµ
n+3
n+1
exp
(∫ s
0
−inµdt
)
,
z2(s) = − (n+ 1)√
cµ
2
n+1
exp
(∫ s
0
iµdt
)
,
with a non-constant positive solution µ = µ(s) of
µ′2 = −(n+ 1)2µ2(µ2 − 1) + cµ 2(n+3)n+1
for some positive constant c.
(6) A Lagrangian H-umbilical submanifold of non-constant mean curvature de-
fined by π ◦ ψ, where
ψ(s, y1, . . . , yn) = (z1(s), z2(s)y1, . . . , z2(s)yn), y
2
1 + y
2
2 + · · ·+ y2n = 1
and z = (z1, z2) is a unit speed Legendre curve in H
3
1 (−1) given by
z1 =
iµ− k√
µ2 + k2 − 1
exp
(∫ s
0
(iλ− iµ)dt
)
,
z2 =
1√
µ2 + k2 − 1
exp
(∫ s
0
iµdt
)
.
Here k(s) = µ′(s)/(λ(s) − 2µ(s)), µ2 + k2 − 1 > 0, λ 6= rµ for any r ∈ R, and
moreover λ = λ(s) and µ = µ(s) are non-constant solutions of{
µ′′(λ− 2µ)− µ′(λ′ − 3µ′) + (λ− 2µ)2(−µ2 + λµ− 1) = 0,
(3λ+ (n− 1)µ)(λ− 2µ)λ′ + (n− 1)λ(3λ + (n− 5)µ)µ′ = 0.
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(7) A Lagrangian H-umbilical submanifold of constant mean curvature defined by
π ◦ ψ, where
ψ(s, y1, . . . , yn) = (z1(s)y1, . . . , z1(s)yn, z2(s)), y
2
1 − y22 − · · · − y2n = 1
and z = (z1, z2) is a unit speed Legendre curve in H
3
1 (−1) given by
z(s) =
(
1√
1− µ2
eiµs,
iµ√
1− µ2
e
i
µ
s
)
, 1− µ2 > 0, µ ∈ R− {0}.
In this case, the submanifold has ratio (1 + µ−2).
(8) A Lagrangian H-umbilical submanifold of ratio 0 and non-constant mean cur-
vature defined by π ◦ ψ, where
ψ(s, y1, . . . , yn) = (z1(s)y1, . . . , z1(s)yn, z2(s)), y
2
1 − y22 − · · · − y2n = 1
and z = (z1, z2) is a unit speed Legendre curve in H
3
1 (−1) given by
z1(s) = − 2√−cµ exp
(∫ s
0
iµdt
)
,
z2(s) = −2iµ
2 + µ′
√−cµ 32
exp
(∫ s
0
−iµdt
)
,
with a non-constant positive solution µ = µ(s) of
µ′2 = −4µ2(µ2 − 1) + cµ3
for some negative constant c.
(9) A Lagrangian H-umbilical submanifolds of ratio (7 − n)/3 and non-constant
mean curvature defined by π ◦ ψ, where n 6= 7 and
ψ(s, y1, . . . , yn) = (z1(s)y1, . . . , z1(s)yn, z2(s)), y
2
1 − y22 − · · · − y2n = 1
and z = (z1, z2) is a unit speed Legendre curve in H
3
1 (−1) given by
z2(s) =
(1− n)
3
√−cµ 3n−1
exp
(∫ s
0
iµdt
)
,
z1(s) =
i(1 − n)µ2 − 3µ′
3
√−cµn+2n−1
exp
(∫ s
0
i
4− n
3
µdt
)
,
with a non-constant positive solution µ = µ(s) of
µ′2 = −(1− n)
2
9
µ2(µ2 − 1) + cµ 2(n+2)n−1
for some negative constant c.
(10) A Lagrangian H-umbilical submanifolds of ratio (1 − n) and non-constant
mean curvature defined by π ◦ ψ, where n 6= 2 and
ψ(s, y1, . . . , yn) = (z1(s)y1, . . . , z1(s)yn, z2(s)), y
2
1 − y22 − · · · − y2n = 1
and z = (z1, z2) is a unit speed Legendre curve in H
3
1 (−1) given by
z1(s) = − (n+ 1)√−cµ 2n+1
exp
(∫ s
0
iµdt
)
,
z2(s) = − i(n+ 1)µ
2 + µ′
√−cµn+3n+1
exp
(∫ s
0
−inµdt
)
,
with a non-constant positive solution µ = µ(s) of
µ′2 = −(n+ 1)2µ2(µ2 − 1) + cµ 2(n+3)n+1
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for some negative constant c.
(11) A Lagrangian H-umbilical submanifold of non-constant mean curvature de-
fined by π ◦ ψ, where
ψ(s, y1, . . . , yn) = (z1(s)y1, . . . , z1(s)yn, z2(s)), y
2
1 − y22 − · · · − y2n = 1
and z = (z1, z2) is a unit speed Legendre curve in H
3
1 (−1) given by
z1 =
iµ− k√
1− µ2 − k2
exp
(∫ s
0
(iλ− iµ)dt
)
,
z2 =
1√
1− µ2 − k2
exp
(∫ s
0
iµdt
)
.
Here k(s) = µ′(s)/(λ(s) − 2µ(s)), 1 − µ2 − k2 > 0, λ 6= rµ for any r ∈ R, and
moreover λ = λ(s) and µ = µ(s) are non-constant solutions of{
µ′′(λ− 2µ)− µ′(λ′ − 3µ′) + (λ− 2µ)2(−µ2 + λµ− 1) = 0,
(3λ+ (n− 1)µ)(λ− 2µ)λ′ + (n− 1)λ(3λ + (n− 5)µ)µ′ = 0.
(12) A Lagrangian H-umbilical submanifold of ratio 0 and non-constant mean
curvature defined by π ◦ ψ, where
ψ(s, u2, . . . , un) =
√
cosh 2s exp[itan−1(tanh s)]
2
(
1 +
n∑
j=2
u2j + sech 2s − i tanh 2s,
i
n∑
j=2
u2j + i sech 2s− i+ tanh 2s, u2, . . . , un
)
.
(13) A Lagrangian H-umbilical submanifolds of ratio (7− n)/3 and non-constant
mean curvature defined by π ◦ ψ, where n 6= 7 and
ψ(s, u2, . . . , un) = cosh
3
n−1
(
n− 1
3
s
)
exp
[
6i
n− 1tan
−1
(
tanh
(n− 1
6
s
))]
×
(
1
2
+
1
2
n∑
j=1
u2j +
1
2
sech
6
n−1
(
n− 1
3
s
)
− i
∫ s
0
sech
n+5
n−1
(
n− 1
3
x
)
dx,
i
2
n∑
j=2
u2j +
i
2
sech
6
n−1
(
n− 1
3
s
)
− i
2
+
∫ s
0
cosh
n+5
n−1
(
n− 1
3
x
)
dx, u2, . . . , un
)
.
(14) A Lagrangian H-umbilical submanifolds of ratio (1 − n) and non-constant
mean curvature defined by π ◦ ψ, where n 6= 2 and
ψ(s, u2, . . . , un) = cosh
1
n+1 ((n+ 1)s) exp
[
2i
n+ 1
tan−1
(
tanh
(n+ 1
2
s
))]
×
(
1
2
+
1
2
n∑
j=1
u2j +
1
2
sech
2
n+1 ((n+ 1)s)− i
∫ s
0
sech
n+3
n+1 ((n + 1)x)dx,
i
2
n∑
j=2
u2j +
i
2
sech
2
n+1 ((n + 1)s)− i
2
+
∫ s
0
sech
n+3
n+1 ((n+ 1)x)dx, u2, . . . , un
)
.
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(15) Lagrangian H-umbilical submanifolds of non-constant mean curvature defined
by π ◦ ψ, where
ψ(s, u2, . . . , un) = exp
[∫ s
0
(k + iµ)dt
](
1 +
1
2
n∑
j=2
u2j −
∫ s
0
(k + iµ)exp
(
−
∫ x
0
2kdt
)
dx,
[−k(0) + iµ(0)]
[
1
2
n∑
j=2
uj −
∫ s
0
(k + iµ) exp
(
−
∫ x
0
2kdt
)
dx
]
, u2, . . . , un
)
and k(s) = µ′(s)/(λ(s)− 2µ(s)), λ 6= rµ for any r ∈ R, and moreover λ = λ(s) and
µ = µ(s) are non-constant solutions of{
µ′2 = (λ− 2µ)2(1− µ2),
(3λ+ (n− 1)µ)(λ− 2µ)λ′ + (n− 1)λ(3λ + (n− 5)µ)µ′ = 0.
Proof of Theorem 5.1, 5.2 and 5.3: Let Mn be a non-minimal Lagrangian
H-umbilical submanifold, whose second fundamental form takes the form (4.1), in
a complex space form M˜2(4ǫ) with ǫ ∈ {−1, 0, 1}.
We put ωji (ek) = 〈∇ekei, ej〉. Then by using the equation (2.5) of Codazzi, we
have the following (cf. [17]):
ejλ = (2µ − λ)ω1j (e1), j > 1,(5.2)
e1µ = (λ− 2µ)ω21(e2) = · · · = (λ− 2µ)ωn1 (en),(5.3)
ejµ = 3µω
j
1(e1), j > 1,(5.4)
µωj1(e1) = 0, j > 1 (for n ≥ 3),(5.5)
µω21(e2) = · · · = µωn1 (en),(5.6)
µωi1(ej) = 0, i 6= j > 1, (for n ≥ 3),(5.7)
(λ− 2µ)ωi1(ej) = 0, i 6= j > 1, (for n ≥ 3).(5.8)
It follows from (3.1) and (4.1) that the tension field τ is given by
(5.9) τ = (λ+ (n− 1)µ)Je1.
For simplicity, we denote AJej by Aj . By using (2.3), we have
(5.10) ADeiτei = (eiλ+ (n− 1)eiµ)A1ei + (λ+ (n− 1)µ)
n∑
i=2
ωj1(ei)Ajei.
The relation (2.2) implies that (4.1) is equivalent to
A1e1 = λe1,
A1ej = µej , Aje1 = µej, Ajej = µe1, j ≥ 2,
Ajek = 0, 2 ≤ j 6= k ≤ n.
(5.11)
Combining (5.10) and (5.11) we obtain
n∑
i=1
ADeiτei =
n∑
i=1
(eiλ+ (n− 1)eiµ)A1ei + (λ+ (n− 1)µ)
n∑
i=1
n∑
j=2
ωj1(ei)Ajei
=
n∑
i=1
(e1λ+ (n − 1)e1µ)λe1 +
n∑
i=2
(eiλ+ (n− 1)eiµ)µei
+ (λ+ (n− 1)µ)µ
( n∑
i=2
ωi1(e1)ei +
n∑
i=2
ωi1(ei)e1
)
.
(5.12)
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We substitute (5.9) and (5.12) into (3.4). Then, by decomposing (3.4) into the
directions of e1 and ej (j > 1) we obtain the following:
(3λ+ (n − 1)µ)(e1λ+ (n− 1)e1µ) + 2µ(λ+ (n− 1)µ)
n∑
i=2
ωi1(ei) = 0,(5.13)
(λ+ (n+ 1)µ)(ejλ+ (n− 1)ejµ) + 2µ(λ+ (n− 1)µ)ωj1(e1) = 0, j > 1.(5.14)
Case (A): µ = 0 and λ 6= 0.
Equations (5.13) and (5.14) yield that λ is constant. It follows from (5.2), (5.3)
and (5.8) that ωi1(ej) = 0 for all i, j. By the equation (2.4) of Gauss with X =W =
ei (i 6= 1) and Y = Z = e1, we have ǫ = 0. Hence we obtain case (1) of Theorem
5.2.
Case (B): λ = 2µ and µ 6= 0.
By changing the sign of e1 if necessary, we may assume that µ > 0. By (5.2)
and (5.3) we see that λ is constant. It follows from (5.5) (5.6), (5.7), (5.13) that
ωi1(ej) = 0 for all i, j. In this case, (5.14) is satisfied automatically. Simlarly to
the case of (A), the equation (2.4) of Gauss implies that ǫ = −1, µ = 1 and λ = 2.
Therefore, by the same argument as that in the proof of Theorem 6.1 in [4] we get
case (1) of Theorem 5.3.
Case (C): µ(λ− 2µ) 6= 0.
Similary to Case (B), we may assume that µ > 0. For n = 2, substituting (5.2)
and (5.4) into (5.14) leads to
(5.15) (λ+ 5µ)ω21(e1) = 0.
Combining (5.2), (5.4) and (5.15) yields ω21(e1) = e2λ = e2µ = 0, i.e., the integral
curves of JH are geodesics in M2. Thus we can apply Theorem 4.2, 4.4 and 4.6.
For n ≥ 3, by (5.5), (5.2) and (5.4) we have ωi1(e1) = eiλ = eiµ = 0 for all i > 1.
Therefore, in both cases, (5.14) is satisfied automatically and hence the tangen-
tially biharmonic condition (3.4) is equivalent to (5.13). By using (5.3), we see that
(5.13) can be written as
(5.16) (3λ+ (n− 1)µ)(λ− 2µ)e1λ+ (n− 1)λ(3λ + (n− 5)µ)e1µ = 0.
We put k = e1µ/(λ − 2u). Then by combining (5.3) and the equation (2.4) of
Gauss with X =W = ei (i 6= 1) and Y = Z = e1, we have
(5.17) − e1k − k2 = ǫ+ λµ− µ2.
Case (C.1): µ is constant.
In this case, k = 0 and hence (5.17) leads to
(5.18) ǫ+ λµ− µ2 = 0,
which implies that λ is also constant and Mn has the ratio (1 − ǫµ−2). For ǫ = 1,
applying Theorem 4.1 and 4.2 gives case (1) of Theorem 5.1. If ǫ = −1, then (5.18)
and the condition λ 6= 2µ yield µ 6= 1. Therefore, by (1) and (2) of Theorem 4.5 and
Theorem 4.6, we get cases (2) and (7) of Theorem 5.3. For ǫ = 0, applying Theorem
4.3, Theorem 4.4 and Remark 4.2, we obtain case (2) of Theorem 5.2.
Case (C.2): µ is non-constant and λ = rµ for some constant r 6= 2.
In this case, we have
(5.19) k = (ln |µ|)′/(r − 2).
By (5.16) we get r(r + n− 1)(3r + n− 7) = 0, which implies
(5.20) r ∈ {0, 1 − n, (7− n)/3}.
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Note that if n = 2, then r 6= −1 because M2 is a non-minimal surface.
For ǫ = 1, solving (4.3) for µ′ gives
(5.21) µ′2 = −(r − 2)2µ2(µ2 + 1) + cµ 2(r−3)r−2 .
It follows from (5.19) and (5.21) that
(r − 2)2µ2(µ2 + k2 + 1) = cµ 2(r−3)r−2 ,
which yields c > 0. Substituting (5.19) into (z1, z2) in Theorem 4.1, using (5.20)
and (5.21), we get cases (2)-(4) of Theorem 5.1.
For ǫ = −1 and µ2 + k2 − 1 6= 0, solving (4.4) for µ′ gives
(5.22) µ′2 = (r − 2)2µ2(1− µ2) + cµ 2(r−3)r−2 .
This implies that
(r − 2)2µ2(µ2 + k2 − 1) = cµ 2(r−3)r−2 ,
and hence the sign of c coincides with the one of µ2 + k2 − 1. Substituting (5.19)
into (z1, z2) in (1) and (2) of Theorem 4.5, using (5.20) and (5.22), we obtain cases
(3)-(5) of Theorem 5.3 for c > 0, and (8)-(10) of Theorem 5.3 for c < 0.
For ǫ = −1 and µ2 + k2 − 1 = 0, by (5.19) we have
(5.23) µ′2 = (r − 2)2µ2(1− µ2).
By solving (5.23) and using (5.19), we get
(5.24) µ = sech((r − 2)s+ c), k = − tanh((r − 2)s+ c)
for some constant c. Substituting them into ψ of (3) of Theorem 4.5, after suitable
coordinate transformation, it becomes
ψ(s, u2, . . . , un) = cosh
−
1
r−2 ((r − 2)s) exp
[
2i
r − 2tan
−1
(
tanh
(r
2
− 1
)
s
)]
×
(
1
2
+
1
2
n∑
j=1
u2j +
1
2
cosh
2
r−2 ((2− r)s)− i
∫ s
0
cosh
4−r
r−2 ((r − 2)x)dx,
i
2
n∑
j=2
u2j +
i
2
cosh
2
r−2 ((2 − r)s)− i
2
+
∫ s
0
cosh
4−r
r−2 ((r − 2)x)dx, u2, . . . , un
)
.
This expression and (5.20) give cases (12)-(14) of Theorem 5.3.
For ǫ = 0, by Theorem 4.3, Theorem 4.4 and (5.20) we obtain cases (3)-(5) of
Theorem 5.2.
Case (C.3): µ is non-constant and λ 6= rµ for any r ∈ R.
For ǫ = 1, by Theorem 4.1, Theorem 4.2 and (5.16) we get case (5) of Theorem
5.1. If ǫ = 0, then it follows from λ = κ, µ = θ′ and (4.6) that (5.16) is equivalent
to (5.1). Hence, case (6) of Theorem 5.2 is obtained. For ǫ = −1, by using Theorem
4.5, Theorem 4.6 and (5.23) we obtain cases (6), (11) and (15) of Theorem 5.3.
The converse can be verified by a straightforward computation.
A submanifold M is said to be isotropic if at each point p ∈ M , ||h(v, v)||2 is
independent of the unit vector v ∈ TpM (see [15]). Let Mn be a non-minimal
Lagrangian submanifold in a complex space form M˜n(4ǫ) with n ≥ 3. Then, Mn
is isotropic if and only if Mn is a Lagrangian H-umbilical submanifold of ratio −1
(see [13] and [19]). By applying Theorem 5.1-5.3, we have
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Corollary 5.1. A complex space form M˜n(4ǫ) with n ≥ 3 admits isotropic tangen-
tially biharmonic Lagrangian submanifolds with non-constant mean curvature if and
only if n = 10.
Remark 5.1. As we have seen in Section 4, non-minimal twistor holomorphic
Lagrangian surfaces in CP 2 and the Whitney’s sphere in Cn are Lagrangian H-
umbilical submanifolds of ratio 3. Thus Theorem 5.1 and 5.2 show that these sub-
manifolds are not tangentially biharmonic.
Remark 5.2. The submanifold described in (1) of Theorem 5.1 with
µ =
√
n+ 5±√n2 + 6n+ 25
2n
is the only non-minimal biharmonic Lagrangian H-umbilical submanifold with con-
stant mean curvature in complex space forms (cf. [17, Theorem 7 and Remark
9]).
Remark 5.3. Each differential equation for λ and µ described in Theorem 5.1 and
5.3 can be transformed into an autonomous system. Also, by (4.5), the differential
equation described in (6) of Theorem 5.2 can be rewritten as the third-order differen-
tial equation for α(s), and moreover, it can be transformed into an autonomous sys-
tem. Therefore, by applying Picard’s existence theorem for autonomous systems, we
see that there exist infinity many tangentially biharmonic Lagrangian H-umbilical
submanifolds of Theorem 5.1, Theorem 5.3 and of type (6) of Theorem 5.2.
Remark 5.4. By an argument similar to that in [5, Remark 1 and 4], a curve
described in (4) and (5) of Theorem 5.2 exists for any n ≥ 2.
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